Abstract. In this paper we introduce and discuss kinetic equations for the evolution of the probability distribution of the number of particles in a population subject to binary interactions. The microscopic binary law of interaction is assumed to be dependent on fixed-in-time random parameters which describe both birth and death of particles, and the migration rule. These assumptions lead to a Boltzmann-type equation that in the case in which the mean number of the population is preserved, can be fully studied, by obtaining in some case the analytic description of the steady profile. In all cases, however, a simpler kinetic description can be derived, by considering the limit of quasi-invariant interactions. This procedure allows to describe the evolution process in terms of a linear kinetic transport-type equation. Among the various processes that can be described in this way, one recognizes the Lea-Coulson model of mutation processes in bacteria, a variation of the original model proposed by Luria and Delbrück.
Introduction
The description of emerging collective behaviors and self-organization in multi-agent interactions started to gain popularity in the recent years and it represents one of the major challenges in contemporary mathematical modeling. In the biological context, the emergent behavior of bird flocks, fish schools or bacteria aggregations, among others, is a major research topic in population and behavioral biology and ecology [19, 20, 22, 23, 24, 32] . Other important examples of emergent behaviors describe building of tumors by cancer cells and their migration through the tissues [8, 9, 10, 11, 33] . Another famous example to consider in this contest is the classical LuriaDelbrück mutation problem [36, 38, 39] . Nonlinear statistical physics represents a powerful tool to describe these different biological phenomena. In particular, methods borrowed from kinetic theory of rarefied gases have been successfully employed to construct master equations of Boltzmann type, usually referred to as kinetic equations, describing the time-evolution of the number density of the population and, eventually, the emergence of universal behaviors through their equilibria [41, 43] .
The building block of kinetic theory is represented by binary interactions, which, similarly to binary interactions between particles velocities in the classical kinetic theory of rarefied gases, describe the variation law of some selected agent characteristic, like its number. Then, the microscopic law of variation of the number density consequent to the (fixed-in-time) way of interaction, is able to capture both the time evolution and the steady profile, in presence of some conservation law [41, 43] .
In this paper, we are interested in studying processes in which a huge population of N interacting agents can be characterized in terms of some scalar quantity assuming integer non-negative values, say (V 1 , . . . , V N ). The binary interactions between agents are described by the following rule. When two agents i and j interact, their pre-interaction values (V i , V j ) change to In (1), the quantities X ik , Y ik , X jk , Y jk are independent random variables which assume nonnegative integer values, the X's with density function p X and the Y 's with density function p Y . In [31] , (Case 1), a collisional process of type (1) , with X jk ∈ {0, 1, 2} and Y jk ∈ {0, 1}, has been introduced to describe the evolution of the gene-family abundance (the number of genes of a given family found in a genome) trough a minimal dynamics of duplication, loss and interspecies horizontal gene transfer (HGT) According to this model, a fixed number N of species-genomes interact pairwise randomly, so that a given family can gain genes by interactions associated with HGT events. When two species interact they can exchange genes by HGT by drawing them from each other with Bernoulli trials of probability p h . In the same time, they draw from their own genome genes to be lost (with probability p l ) and duplicated (with probability p d ). In summary, in this case P {X ik = 0} = p l , P {X ik = 2} = p d , P {X ik = 1} = 1 − p l − p d , P {Y ik = 1} = 1 − P {Y ik = 0} = p h . Note that, by taking p d + p h = p l , the mean number of genes in a given family is conserved in each collision.
More generally, binary interactions (1) can be seen as a process in which the N agents can vary their given quantity V i of some objects (the genes in Case 1) according to a collisional processes with duplication, loss and copy. An alternative interpretation of the process relies in considering populations in place of individuals, and individuals in place of objects. In this case, populations evolve following a classical branching process, and in addition interact with the other branching populations and exchange "migrants". Note that, within this interpretation, the k-th individual of the population i, interacting with population j, has X ik children that remain in the population i (do not migrate) and Y jk that migrate to population j.
An example of this second interpretation (Case 2) is a process in which N populations of cells interact and are subject to a mutation process. Here V j represent the number of mutant cells in the j population. Each mutating cell can produce a clone in the same population with probability p and, independently, it can produce a clone which "migrates" to the other population with probability q. In other words P {X ik = 2} = p, and P {X ik = 1} = 1 − p and P {Y ik = 1} = 1 − P {Y ik = 0} = q. Here typically one consider situation in which the mean number of mutants grown in time. As we shall see this process of growth is similar to the linear process for cells mutation proposed by Lea and Coulson [36] , which has its origin in a series of pioneering experiments proposed by Luria and Delbrück [39] .
Our aim here is to make use of classical methods of kinetic theory to provide a kinetic description of the evolution in time of a multi-agent system obeying to binary interactions of type (1) . Making use of this collisional mechanism between individuals, we introduce a bilinear Boltzmann-type equation which describes the behavior of the population in terms of its density f (v, t), where v represents the number of objects. Next, in the asymptotic procedure usually referred to as grazing collision limit, we obtain a simpler linear equation in divergence form, which retains many properties of the underlying Boltzmann equation, and in addition can be studied in detail.
Having in mind as prototypes both the horizontal gene transfer model in [31] (Case 1), and the variant of Luria-Delbrück mutation model in [33, 47] (Case 2), we will split our analysis in two sub-cases, identified by the evolution of the mean density. Thus, we will limit our study to the cases in which the mean density of the population remains constant, or grows in time. In both cases, we can identify in a precise way the large time behavior of the solution. In particular, in presence of conservation of the mean number of objects (Case 1), it will be shown that the solution density converges to a steady state profile, which depends heavily from the microscopic interactions.
In more details, in Section 2 we will briefly introduce the kinetic description of our collisional models, coupling them with some direct physical consequences. This allows the interested reader to take an exhaustive view of the modeling assumptions, by comparing both the nonlinear Boltzmanntype equation with its linear asymptotics, named quasi-invariant limit. Also, the main differences between Cases 1 and 2 are here underlined. Next, we collect in Section 3 the main results on existence and uniqueness of solutions to the mathematical models, by computing additionally some of the relevant mean quantities. Here, convergence to equilibrium for collisions of type (1), which imply conservation of the mean, value is studied in full details. Section 4 will deal with the large-time behaviour of the solution in the case in which collisions of type (1) imply the growth of the mean value. In the case of growth, by suitably scaling the solution with respect to its time-dependent mean value we will show that the scaled solution converges towards a fixed steady profile as time tends towards infinity. Last, Section 5 will describe and justify from a mathematical point of view the quasi-invariant asymptotics procedure leading from the Boltzmann-type equation to the linear one. Some technical results are for the sake of readability postponed to the Appendix.
2.
The kinetic equation and its quasi-invariant collision limit 2.1. The kinetic equation. Performing the usual mean-field approximation when the number of particles (colliding entities) goes to infinity, the evolution in time of the number density can be quantitatively described by a bilinear Boltzmann-type equation. In this equation, the time variation of the density f t (v) = f (v, t), with v ∈ N and t > 0, follows from a balance between gain and loss terms, that, for the given number v, take into account all the interactions of type (1) which end up with the number v (gain term) as well as all the interactions which, starting from the number v, lose this value after interaction (loss term). This Boltzmann-type equation reads [43] (
In (2), Q + is the gain collision operator defined, for any pair of densities f and g on N, by
where
. . are stochastically independent, V 1 has density f , V 2 has density g, the X i 's have the same law of a random variable X with density p X and the Y i 's have the same law of a random variable Y with density p Y . Equation (2) is coupled with an initial condition f 0 (v), which is here assumed to be a probability density on N. Considering that the variable v can only assume values in N, equation (2) can be fruitfully rewritten in terms of probability generating functions (p.g.f.)
A standard computation shows thatf t (z) satisfies the (simpler) nonlinear equation
Equation (4) is the analogous of the Fourier transformed Boltzmann equation for maxwell pseudomolecules, introduced in kinetic theory of rarefied gases by Bobylev [13] .
To avoid trivial situations, in what follows we shall assume that both P {X = 0} = 1 and P {Y = 0} = 1.
Existence and uniqueness of solution of equation (4) can be proven in a standard way (cf. Section 3.1 for details).
In this paper, we will only consider random variables X and Y such that
for some r ≥ 1. In presence of condition (5) for some integer r ≥ 1, and assuming that the initial density f 0 (v) has bounded moments up to order r, one can easily reckon explicit expressions for the evolution of the moments of f t (v). In particular, the mean
Indeed, recall that for any p.g.f.ρ (of a probability ρ on N)
where ∂ zρ (z)| z=1 := lim z→1 − ∂ zρ (z) < +∞ if and only if v vρ(v) < +∞. By taking the derivative with respect to z on both sides of (4), and evaluating the resulting equation in z = 1,
which gives (6) . Analogous computations can be done to evaluate higher-order cumulant functions of the density f t . An explicit expression of the variance of f t is presented in Proposition 6. Note that the condition (7) E[X + Y ] = 1 implies that the mean remains constant in time, i.e. M 1 (f t ) = m 0 for every t > 0, as in Case 1.
2.2. The quasi-invariant collision limit. The bilinear Boltzmann-like equation (2), fruitfully written in the form (4) , is the starting point to obtain, in a well-established asymptotic procedure, simpler models that are reminiscent of the binary collision rules, and, while maintaining most of the properties of the nonlinear kinetic model, result to be linear. This kind of asymptotic procedure is close to the so-called grazing collision limit for the Boltzmann equation [48] , and has been widely used in kinetic theory to obtain Fokker-Planck type equations to describe, among others, the cooling in granular gases [28, 42] , wealth distribution in a multi-agent society [21] , price formation [16, 17] , and opinion formation [26, 46] . This asymptotics procedure is based on the following assumptions. Given a small positive parameter , assume that the random variables X and Y are defined by
whereX,Ỹ , η 1 , η 2 are independent random variables, and, for some constants
Note that by construction the laws of X and Y depend on , so that X = X and Y = Y . Nevertheless, for the shake of notational simplicity, the dependence in has been omitted. Since is assumed to be small, the post-collision quantities (V 1 , V 2 ) remain equal to the pre-collision ones (V 1 , V 2 ) with high probability. Indeed, with high probability, X is equal to one and Y to zero. In order to evaluate the mean value of f t (v) in correspondence to the collision defined by (8) , observe that
Hence, (6) takes the form
This shows that, in presence of the small parameter , to observe the same variation of the mean value corresponding to = 1, it is necessary to wait a longer time τ , given by τ = t/ . By virtue of (8) one obtainŝ
Therefore, iff t (z) =f t, (z) is a solution of (4) corresponding to random variables X and Y defined in (8) , and the initial density f 0 has finite mean m 0 , by expandingf t (p X (z)) andf t (p Y (z)) in Taylor's series around z (around 1, respectively) giveŝ
, where R 1, and R 2, denote the remainders. Since by definitionf t (1) = 1, recalling also (9), the collision term in (4) takes the form
where R 3, (t, z) denotes the new remainder term. In view of the previous remark on the evolution in time of the mean value, let us set τ = t/ andĝ τ, (z) =f τ / (z). Then,ĝ τ, (z) satisfies the equation
Let us assume that R 3, → 0 as → 0. Since M 1 (g τ, ) = m 0 eᾱ 1 τ , letting → 0, and defining g τ (z) = lim →0ĝτ, (z) shows that g τ satisfies the equation
While the actual derivation of equation (11) is largely formal, every step can be made rigorous.
We postpone a precise statement of the limit procedure and its detailed proof to Section 5 (cf. Proposition 10).
Here it is worth noticing that from the previous equation it follows that the mean of
, so that deriving with respect to z equation (11) and evaluating the resulting equation for z = 1 one getṡ
This implies
and the claim follows since the initial condition is y(0) = m 0 .
The Lea-Coulson equation for mutation processes. Consider the special case in which
Equation (12) is referred to in the literature as the Luria-Delbrück model. The model deals with the estimation of mutation rates, and has its origin in a series of classic experiments pioneered by Luria and Delbrück [39] , which were at the basis of the construction of a mathematical model able to estimate them. The original model proposed by Luria and Delbrück assumed deterministic growth of mutant cells, which seemed a too stringent assumption to allow for efficient extraction of reliable information about mutation rates from experimental data. This shortcoming of the model of Luria and Delbrück was some year later remedied by a slightly different mathematical formulation proposed by Lea and Coulson [36] , who adopted the Yule stochastic birth process to mimic the growth of mutant cells. In the ensuing decades the Lea-Coulson formulation occupied a so prominent place in the study of mutation rates that the Lea-Coulson formulation is now commonly referred to as the Luria-Delbrück model [50] . The classical linear procedure of growth of both normal and mutant cells, that give rise to equation (12) has been merged into the framework of kinetic theory in [33] . There, the mutation problem was described in terms of linear interactions, and the solution to the underlying linear Boltzmann equation was shown to converge towards the solution to the Lea-Coulson model. A precise statement of this convergence result has been subsequently done in [47] .
While equation (12) coincides with the mathematical formulation of Lea and Coulson [50] , it is important to remark that the meaning of the various (eventually time dependent) coefficients in (12) assume a different meaning depending on the original model from which this equation comes from.
In the original formulation, equation (12) is recovered through the following assumptions. The process starts at time t = 0 with one normal cell and no mutants. Normal cells are assumed to grow deterministically at a constant rate β 1 . Therefore the number of normal cells at time t > 0 is N (t) = e β1t . Mutants grow deterministically at a constant rate β 2 . If a mutant is generated by a normal cell at time s > 0, then the clone spawned by this mutant will be of size e β2(t−s) for any t > s. Mutations occur randomly at a rate proportional to N (t). If µ denotes the per-cell per-unit-time mutation rate, then the standard assumption is that mutations occur in accordance with a Poisson process having the intensity function (13) ν(t) = µN (t) = µe β1t .
Consequently, the expected number of mutations occurring in the time interval [0, t) is
The formulation of Lea-Coulson differs from the previous Luria-Delbrück original formulation in that mutant cell growth is described by a stochastic birth process. If a mutant is generated by a normal cell at time s > 0, then at any given time t > s the size of the clone spawned by that mutant will have the same distribution as Y (t − s), where Y (s) is a Yule process having birth rate β 2 and satisfying Y (0) = 1. In this way if W (t) denotes the number of mutants existing at time t, then
Here, τ i are the random times at which mutations occur, M (t) stands for the mutation process which is a Poisson process with intensity function ν(t) given in (13) , and (Y i (s) i≥1 is a sequence of independent Yule processes. In particular, the probability generating function of W (t) satisfies (12) [50] .
Unlike the previous approach, the Lea-Coulson equation (12) follows here by linearizing a nonlinear equation of Boltzmann type based on classical binary interactions, and consequently from a nonlinear mechanism, in which the number of cells is subject only to duplication (the variable X) and mutation (the migration variable Y ). In particular, the initial condition is here different, and the coefficients β 1 and β 2 are no more independent. In addition, the exponential in time term in front of the probability generating functionĝ is in our derivation generated by the evolution of the mean value. Nevertheless, from a mathematical point of view, this derivation could share a new light on the large-time behaviour of the solution to (12) , which is now connected with the solution of a nonlinear Boltzmann-type equation, that, unlike the linear model, possesses solutions of self-similar type. This new connection will be studied in more details in a companion paper.
Steady states. When
< +∞ for some r > 1, one can prove that, for any given constant m 0 , the kinetic model (2) possesses a steady state, namely a density satisfying
of mean m 0 . Moreover, any solution f t with initial density f 0 of mean value m 0 converges (pointwise) to the corresponding stationary solution f ∞ whenever v v r f 0 (v) < +∞ (cf. Theorem 3). In Section 3.1 we shall show that f t converges to f ∞ exponentially fast in time with respect to suitable Fourier metrics (cf. Theorem 2).
If E[X 2 + Y 2 ] < +∞, one can recover an explicit formula for the second moment M 2 (f ∞ ) of f ∞ . Indeed by combining Lemma 19 in Appendix with identity (15) one gets
While in principle one can recursively determine every integer moment of the steady state f ∞ , an explicit general expression for the p.g.ff ∞ is not available, with the exception of very simple situations. An explicit example is obtained by fixing P {X = 1} = 1 − P {X = 0} = p and P {Y = 1} = 1 − P {Y = 0} = q with p + q = 1. In this case the steady state coincides with a Poisson distribution. To see this, recall that the p.g.f. of a Poisson distribution of mean m 0 is given byf ∞ (z) = exp(m 0 (z − 1)). In the special case described above,p X (z) = zp + 1 − p and
One of the advantages of the quasi-invariant limit approximation is related to the possibility to obtain an explicit expression for the steady states. Indeed, if
and gives the explicit solution
In Proposition 11 we will present an interesting probabilistic interpretation of (16) . Other aspects related to the steady states will be included there.
2.5. Steady states for horizontal gene transfer processes. Horizontal gene transfer (HGT) is believed to be the dominant component of genome innovation for bacteria. Recent estimates show that at least 32% of the genes in prokaryotes have been horizontally transferred [34, 35] . Today the study of the HGT can be tackled using a growing amount of genomic data. Nevertheless the study of mathematical models for HGT is still at the beginning. Among the few mathematical studies on the subject we mention the infinitely many genes model [7] . This model uses the coalescent theory in order to describe the underlying phylogenetic tree. A different approach has been considered in [31] , which focuses on the description of a collisional mechanism which describes the time evolution of the gene-family abundance (the number of genes of a given family found in a genome). As already mentioned in the introduction, in the model a fixed (very large) number of species genomes interact pairwise randomly. When two species interact they can exchange genes by HGT by drawing them from each other with Bernoulli trials of probability p h . In the same time, they draw from their own genome genes to be lost (with probability p l ) and duplicated (with probability p d ). In the model different families are considered subject to a stochastically independent evolution. Although this simplifying assumption is probably unrealistic, the effective rates (p d , p h , p l ) can vary from family to family, giving rise to the observed diversity between families. An interesting result, which will be briefly described below, is that the model predicts an increased dispersion in family abundance as HGT becomes less relevant. In [31] it is assumed that each gene can be transferred in a single copy, that corresponds to assume that Y can take only the values {0, 1}. In what follows we present a description of the steady states (in the quasi-invariant approximation) for a slightly more general situation, i.e. both X andỸ take values 0, 1, 2. For the sake of simplicity assume that b 1 = b 2 = 1 and write
Since we need E[X +Ỹ ] = 1, we impose that
With these choices it is immediate to conclude that
Recalling that (for β = 0)
.
Note that E[X] < 1 implies both that p 0 > 0 and p 2 < p 0 , so that 1 − p 2 /p 0 > 0. This proves that
where p Π0 (z)
In other words, in this case, the steady state g ∞ is the density of the random variable
where Π 0 and N are independent. Since a negative binomial distribution can be represented as a compound Poisson distribution, i.e.
where Π 1 is a Poisson distribution of mean r log(1/(1 − p)) and the L i 's are independent and identically distributed random variables, each one with logarithmic distribution
one gets the representation
If now we set q 2 = 0, we obtainĝ
, where N is a Negative Binomial random variable of parameter p = p 2 /p 0 and r = m 0 q 1 /p 2 , i.e. of mean m 0 and variance m 0 p 0 /q 1 . Note that this is the model introduced in [31] and briefly discussed above. In this case p 0 = p l is the probability of loss of a gene, p 2 = p d > 0 is the probability of duplication and q 1 = p h is the probability of HGT. It is interesting to remark that in this case the resulting steady distribution depends only on the initial mean m 0 and on the ratio p h /p d . Moreover, the dispersion measured by the index V ariance/mean = 1 + p d /p h , increases as the probability p h of HGT decreases. The limit case is obtained when
Indeed, if p 2 = q 2 = 0, direct computations show thatĝ ∞ (y) = exp{m 0 (z − 1)}, namely that the steady states are given by Poisson distributions. In other words Poisson distributions are recovered in the case in which p d = 0, that is when no duplications occur.
Finally, although not relevant for the HGT model, let us consider the case in which p 2 = 0, while q 2 > 0. Hereĝ
or, alternativelyĝ
is the p.g.f. of a random variable R taking values 1, 2 with probability q * 1 , q * 2 , it follows that in this case the steady state g ∞ is the density of the compound Poisson random variable
where Π 2 , R 1 , R 2 , . . . are independent, Π 2 is distributed according to a Poisson distribution of mean 2m 0 /[p 0 (2q 1 + 3q 2 )] and the R i s have the same law of R.
The kinetic equation: solutions, moments, steady states
The remaining of the paper will be devoted to detailed proofs of various results about existence, uniqueness and asymptotic behavior of both the kinetic Boltzmann-type equation (4), and its quasi-invariant limit (11).
3.1. Existence and uniqueness of solutions. The unique solution of (4) can be written in a semi-explicit form by resorting to the so-called Wild series [49, 43] . Proposition 1. Let f 0 (v) be a probability density. Then, the initial value problem for equation (4) , with initial condition f 0 , has a unique global solution. For any given t > 0, the unique solution f t can be written asf
whereq 0 (z) =f 0 (z), and, for any n ≥ 1,
Moreover,f t remains a p.g.f. for any t > 0.
Proof. The fact thatf t (z) is a solution can be checked directly. To prove uniqueness, letf t andĝ t be two solutions departing from the same initial value. Note that in place of (2) one can consider the same equation in integral form
u(s)ds. Hence, Gronwall inequality implies u(t) ≤ u(0)e 2t . Since u(0) = 0 it follows that u(t) = 0. Finally, by induction one shows immediately thatq n is a p.g.f. for every n ≥ 0. Hencef t is a p.g.f.. An immediate consequence of the previous result is that the unique solution to equation (2) can be expressed as
where q 0 (v) = f 0 (v) and, for any n ≥ 1,
3.2.
Steady states and convergence to equilibrium. For any r > 0, let us consider the following metric between probability distributions over non-negative integers
This is a natural adaptation of the well-known Fourier distance introduced in [29] . It is clear that convergence with respect to the metric d r yields convergence of p.g.f.'s and, hence, point-wise convergence of densities.
In dealing with general probability measures f and g on [0, +∞), it is also useful to introduce the weighted Laplace transform metric
It is easy to see that d r and d * r are (topologically) equivalent (cf. Lemma 18). We remark that, in terms of the Laplace transform
the Boltzmann-type equation (2) takes the form
is the Laplace transform of the initial density, and
are the cumulant functions of X and Y . Given a density f on N (or more generally a probability measure f on R + ), M r (f ) will denote the r-moment of f , expressed by v v r f (v) (or more generally by v r f (dv)). To denote the variance of a random variable Z we will write V ar(Z). Moreover, if f is a density (or a probability measure) V ar(f ) will denote the variance of a random variable Z with law f , that is V ar(f ) =
2 . Finally, for r ≥ 1, let us set
and f (2) t be two solutions of (2) with initial conditions f
and f
0 )e αrt and d * r (f
0 )e αrt .
Proof. Assume that d r (f
0 ) < +∞, otherwise there is nothing to be proved. Recall that
It is easy to check (cf. Thm. X1.1.1 in [27] ) that
The same result holds forp Y . This yields that, for every z ∈ (0, 1), one can write
Hence, for every r > 1,
Now recall that, by Proposition 1,
0 (z) and, for any n ≥ 1,
Using the bound |q (i) j (z)| ≤ 1 for every z ∈ (0, 1) and i = 1, 2, we obtain
Hence, if d r (f
n ) < +∞ for every n and by Lemma 14
Hence, using also (62),
0 )e ∆r−1 .
To recover the second inequality in (23) , recall that by (67), for every r > 1,
Using this identity, we can repeat the previous part of proof to conclude.
Theorem 3 (Convergence to steady states). Let E[X + Y ] = 1, and E[X r + Y r ] < +∞ for some r ∈ (1, 2] . Then for every m 0 > 0, there exists a unique density f ∞ , with mean m 0 and finite moment of order r satisfying f ∞ = Q + (f ∞ , f ∞ ). Moreover, provided M r (f 0 ) < +∞, any solution f t departing from the initial density f 0 with mean m 0 , converges in d r -metric to the corresponding stationary solution f ∞ , and
Proof. Let us observe that ∆ r < 1 for every r > 1 whenever E[X + Y ] = 1. Let f 0 = δ m0 and set f n+1 = Q + (f n , f n ) for every n ≥ 0. Since E[X + Y ] = 1, one gets M 1 (f n ) = m 0 for every n. Moreover, by Lemma 19 in the Appendix and the fact that M 1 (f n ) = m 0 we have
Arguing as in (25) one gets
and hence
By Lemma 18 and (26)
Hence, the sequence {f n } n≥0 satisfies the Cauchy condition d r (f n , f m ) ≤ for every n, m ≥ N ( ). Since M 1 (f n ) is bounded, by Prohorov theorem one obtains that f n is weakly compact (tight). Combining tightness with the Cauchy condition one concludes that there is a probability distribution f ∞ such thatf n →f ∞ (pointwise). Sincê
The property M r (f ∞ ) < +∞ follows from the fact thatf n →f ∞ and sup n M r (f n ) < +∞ (cf. Thm. 25.11 in [12] ). Uniqueness of f ∞ (in the class of distribution with finite r-moment) follows by Lemma 18 and Theorem 2.
3.3. Evolution of moments. We conclude this Section by giving explicit expressions for the evolution of the mean and the variance of the solution f t .
Proposition 4 (Evolution of the mean). Let f t be the unique solution of equation (4) with initial condition f 0 . If m 0 := M 1 (f 0 ) < +∞, then at any subsequent time t > 0
Proof. First of all note that
Hence, using (20) one gets
By Lemma 14
Thus, by (19) and (62),
. If f t is the unique solution of equation (4) with initial condition f 0 such that M 1 (f 0 ) = m 0 and M r (f 0 ) < +∞, then t → M r (f t ) is a continuous function and
Here H(t) is given by
Proof. Let us start by proving that
is a continuous function on the set {t > 0 : M r (f t ) < +∞}, which turns out to be an open interval. Identity in equation (30) is immediate by (19) and Fubini theorem. Clearly, the series may diverge for some t < +∞. We claim that there is
Using (20) and Lemma 19 one can check that
for a suitable B = B(X, Y, r) < +∞. Now (29) and well known asymptotics for the Gamma function give
for suitable B 1 and β. Since Lemma 15 yields that M r (q n ) ≤ K n+1 , (19) gives
This shows that I = {t > 0 : M r (f t ) < +∞} is non-empty. Let us show that I is open. Note that t → e t M r (f t ) is non-decreasing. Set s 0 := sup{t : M r (f t ) < +∞}. If s 0 < +∞ and s 0 ∈ I, one can consider the function t → f s0+t as a solution of (2) with initial condition f s0 such that M r (f s0 ) < +∞. By the previous argument, it must be that M r (f t+ ) < +∞ for any
, that gives a contradiction. The continuity on I follows by observing that, for z = (1 − e −t ) with t ∈ I, n≥0 z n M r (q n ) is a convergent power series. Finally let us prove that, if s 0 := sup{t :
). Then, Abel theorem yields that lim z→z (2) by e t and integrating on [0, t) we obtain
Hence, Fubini Theorem gives
Now note that, by Lemma 19 in the Appendix
Denote m r (t) = e t M r (f t ). Finally, thanks to Gronwall inequality which can be applied by virtue of the first part of the proof (see Lemma 21) , it holds m r (t) ≤ m r (0)e ∆rt + Proposition 6 (Evolution of the variance). Let V ar(f 0 ) < +∞ and assume that
Proof. Recall that, by Proposition 5, t → M 2 (f t ) is a continuous function. Using formula (69) in Lemma 19 we obtain
Combining (18), (27) and (33) one gets
Solving the equation one obtains
Simple computations then give (32) .
for every t > 0.
The case of increasing mean
The asymptotic behavior of the solution to the Boltzmann equation (2) when the mean value is preserved in time has been fully described in Theorem 3. In this case, in fact, existence of a steady solution together with its main properties follows.
A completely different situation arises when α 1 = E[X +Y ]−1 > 0, as in Case 2. Now the mean value diverges to +∞, and the usual way to extract information about the large-time behavior of the solution [42] is to scale the solution of equation (4), or equivalently (21) , with respect to the mean, in such a way to maintain the mean constant. This allows to look for non-trivial asymptotics profiles ofh
,
It is easy to verify that the Laplace transformh of the scaled density satisfies the new equation
Note that if f (1) and f (2) are two solutions of (2), with initial conditions f (1) 0 and f (2) 0 , while h (1) and h (2) are the respective scaled solutions, then
and (23) yields that
0 )e t(αr−rα1) .
In view of the previous bound, it appears natural to assume that (37) (α r /r − α 1 ) < 0 for some r > 1.
Condition (37) is reminiscent of the analogous condition for the existence of self-similar solutions of Kac like kinetic models, see [2, 14, 42] . Indeed, as we shall see, there is a precise connection between the asymptotic profile of the scaled solution of (2) and the asymptotic profile of the solution of a particular Kac like equation. It is important to remark that, since (37) is equivalent to ask that r → α r /r is decreasing in r = 1, i.e. (α r /r) < 0 for r = 1. Computing (α r /r) one obtains that (37) is equivalent to
Clearly the previous relation is true if E[Y ] < 1 and E[X] < 1, while is clearly false if one of the two expectations is bigger than e. In Figure 1 a numerical evaluation of the region where (37) Recalling that here m(t) → +∞, using (66), one can write
and hence,
The same result holds for Y . In this way one can see that (at least formally)h t converges to the solutionh
For a precise statement see next Proposition 9. Now following [2, 6, 14] , (39) is equivalent to the integral equation
This shows that h ∞ is the fixed point of the particular smoothing transformation:
where U, V , V are independent, U is uniformly distributed on (0, 1), and V , V are distributed with law h ∞ . Note that
Positive fixed points of smoothing transformations are deeply studied, mainly in connection with the so-called Branching Random Walk, see e.g. [1, 37] . It is worth noticing that in general − with the exception of few cases, see [5, 6] − there is no analytical expression of the law the of the fixed point of a given smoothing transformation. Even in our case it does not seem easy to obtain an explicit expression of h ∞ . An exception is the very special case when
where it is immediate to see that the solution is given by the exponential distribution
Nevertheless, it is always possible to recursively determine the exact expression of the integer moments of h ∞ . Indeed, using the fact that h ∞ = T (h ∞ , h ∞ ) and the Newton binomial formula, if
As we shall see in Proposition 7 below, v r h ∞ (dv) < +∞ if and only if α r /r < α 1 . Hence, (41) The fact that the steady state of (36) satisfies (40) suggests that, for a better understanding of the asymptotic behavior of equation (36), one can first to consider the large-time behavior of the equation
which is satisfied by the scaled solutionh(ξ, t) =f t (e −α1t ξ/m 0 ) of the equation
Equation (43) is associated to the very simple linear collision rule
and it is a special case of a general class of kinetic equations which have been deeply investigated, see for instance in [2, 3, 14, 40, 44] . It is immediate to realize that the interactions (44) correspond to a mean version of the interactions (1), and can be formally obtained from (1) v q h ∞ (dv) < +∞ for q > 1 if and only if α q /q < α 1 . Finally, if vf 0 (dv) = m 0 < +∞ andf t is a solution of (43), then vf t (dv) = m 0 e α1t andf t (e −α1t ξ/m 0 ) converges toh ∞ (ξ) for every ξ > 0 as t → ∞.
Proof. The result follows from Proposition 2.1 and Theorem 2.2 in [2] . We have only to note that the spectral function µ(·) defined in Section 2.2 of [2] in this case coincides with r → α r /r −α 1 .
One can adapt some results in [2, 40] to obtain and
Hence, owing to (32) , one finds that
for a suitable function G bounded on any fixed interval of time [0, T ]. In addition we have
Recalling that that M 1 (f t, ) = m 0 eᾱ 1 t and using (48) , for every T < +∞ one gets the bound
where C = C(f 0 ,X,Ỹ , T ) is independent of ≤ 0 and z. Hence ∂ z f t, (z) is locally uniformly (in t and ) Lipshitz in z, which means that
for every z 0 , z 1 in [0, 1] and every t > 0 such that t < T and ≤ 0 . To prove convergence, writê
In the previous equations,
Here, m(t) = ∂ zft (1) and
Using (49), for a suitable constant C 1 (T ) we obtain
Recalling now that for every z ∈ [0, 1] and every t ∈ [0, T ]
using this with (51) in equation (50) we obtain |∂ tĝt, (z)| ≤ C 4 (T ). Summarizing, for a suitable bounded positive constant C 5 (T ) we have
Combining Ascoli-Arzelá theorem with the Banach-Alaoglu-Bourbaki theorem one concludes that there is a subsequenceĝ ·, n (·) converging strongly in C 0 ([0, 1] × [0, T ]) (for every T ) and weakly-* in W 1,∞ (Q) to a functionĝ. Since R 3, → 0 uniformly by (51), one can pass to the limit in (50) to obtain thatĝ is a solution of (47) . Next, uniqueness of the solution of (47) gives that the whole familyĝ ·, converges toĝ strongly in
, for every T > 0. Finally, since the mean and variance of g t, are uniformly bounded with respect to , the sequence {g t, } ≥0 is tight, and the limit function g(·, t) is also a p.g.f. with finite variance.
. It is worth noticing that, if b 1 = b 2 = 1, P * and Q * are the p.g.f. of the so called renewal distribution of p X and p Y . Recall also that given a probability density g on N with finite mean M 1 (g) = k kg(k), its size-biased version is defined by
Proposition 11. Under the same assumptions of Proposition 10, if
which is a stationary solution of (47), i.e. the unique solution of (16) , is given by
Moreover,ĝ ∞ is the p.g.f. of an infinite divisible distribution g ∞ over the non-negative integers. Finally, g ∞ is the density of a random variable V ∞ satisfying
where V * ∞ is the size biased version of V ∞ , ζ has p.g.f. Q * , ξ k has p.g.f. P * for every k ≥ 1, γ has geometric distribution of parameter m = E[X] and V ∞ , ζ, γ, ξ 1 , ξ 2 , . . . are stochastically independent.
Proof. A stationary distributionĝ ∞ of (47) must satisfy (16) . That is
that gives (52). Now note that, using (24) and the analogous relation for Y , one gets
where G m (s) = 1 − m 1 − ms is the p.g.f. of a geometric random variable of parameter m. In other words R(z) is the p.g.f. of the random variable
We proved thatĝ
where R is a p.g.f. and hence m 0 R is an absolutely monotone function. This show thatĝ ∞ (z) is a p.g.f. of an infinite divisible distribution g ∞ over the non-negative integers. Indeed a function h with h(0) > 0 is the p.g.f. of an infinitely divisible distribution over the on-negative integers if and only if h(z) = exp{ Lemma 12. Let (f n ) n , (g n ) n ,f ,g be the Laplace transform of probability measures on the positive real axis, such thatf n →f ,g n →g, M 1 (f n ) = M 1 (g n ) = m 0 , and for some > 0 Combining (35), (5) and (59) t , g
0 , g
0 )e Lemma 14. Let 0 < a 0 < +∞, and, for every n ≥ 1, let a n ≥ 0 satisfy, for some 0 < ∆ < +∞, the inequality (60) a n ≤ ∆ n n−1 j=0 a j .
Then, for every n ≥ 1 (61) a n ≤ a 0 Γ(∆ + n) Γ(∆)Γ(n + 1)
Moreover the equality sign in (60) implies the equality sign in (61).
Lemma 15. Let 0 < a 0 < +∞, and, for every n ≥ 1, let a n ≥ 0 satisfy the inequality a n ≤ A n n−1 j=0 a j + Bn β , for some 0 < A, B, β < +∞. Then there is K = K(A, B, β, a 0 ) ≥ 1 such that for every n ≥ 0 a n ≤ K n+1 .
We conclude this short section by recalling that, for any t > 0 and ∆ > 0 [30] (62) e (∆−1)t = 
The following lemmas contain useful bounds for cumulants. Proof. It is enough to prove that s 0 = +∞. Indeed in this case the thesis follows from the previous Lemma. Assume that s 0 < +∞. Let H(t) = h(t) + C t 0 e C(t−s) h(s)ds. By (ii) and the fact that H(t) is bounded on every finite interval, one can choose in such a way that u(s 0 − ) > H(s 0 − ). Now u is continuous in (0, s 0 ) and hence it is bounded on (0, s 0 − ). Hence, by the previous Lemma, u(s 0 − ) ≤ H(s 0 − ) which gives a contradiction. The last part of the proof follows resorting to integration by parts.
